In this paper, using a constructive method we establish the global exact boundary controllability for a first order quasilinear hyperbolic system of diagonal form. As an application, we obtain the global exact controllability for the one-dimensional isentropic flow system by controlling the velocity or pressure on the boundary.
Introduction
This paper deals with the global exact boundary controllability for first order quasilinear hyperbolic systems of diagonal form. The exact boundary controllability means that we can find a suitable control time and some boundary controls such that the system can drive any preassigned initial state to any preassigned final state. The exact boundary controllability result is global if it holds for the initial state and the final state which can be arbitrarily far away from each other. This is in contrast to the local results given in the literature, which hold only for initial and final states in a neighbourhood of an equilibrium.
The classical solution to the mixed initial-boundary value problem for quasilinear hyperbolic systems generically breaks down in finite time, even though linear boundary conditions are given Peng, 2003a, 2003b) . As a basis for studying the exact boundary controllability, the semi-global classical solution exists only for small initial data in general, and remains small in its existence domain. So, usually, one can obtain only the local exact boundary controllability near an equilibrium in general cases (cf. Rao, 2002, 2003) . Li and Zhang (1998) established the global exact boundary controllability for first order reducible quasilinear hyperbolic systems with linear degenerate characteristics:
for any given initial data and final data with bounded C 1 norms, to find a suitable T > 0 and some boundary controls such that the system can drive the initial data to the final data on the time interval [0, T] .
By introducing Riemann invariants, de Saint Venant system can be treated as a first order quasilinear hyperbolic system of diagonal form (de Saint-Venant, 1871; Leugering and Schimidt, 2002; Li, 2004 Li, , 2005 Yu, 2004) . Gugat and Leugering (2003) realised the global exact boundary controllability from one constant subcritical state to another constant subcritical state for the de Saint Venant system by controlling the Riemann invariants on the boundary. Moreover, in the case of supercritical flow, the controls can be acted upon only on one side of the boundary (Gugat, 2003; Gugat et al., 2004) .
The global exact boundary controllability is more significant in applications. In this paper, we consider the following general quasilinear hyperbolic system of diagonal form
and realise the exact boundary controllability for initial data and final data near, in C 1 norm, to different constant equilibriums, respectively. Our result is global in the sense that there are no restrictions on the distance between the initial state and the final state.
In order to get the global exact boundary controllability, we should first establish the local exact boundary controllability near an arbitrary equilibrium and give a uniform estimate of the range of exact boundary controllability. Our proof is based on a constructive method developed by Rao (2002, 2003) . Since the controls are not unique, there is a flexibility of optimisation.
We should point out that the extension invariance of the boundary conditions for the system of diagonal form is important for realising the global exact boundary controllability. In addition, the global exact control time is much longer than the local one. Thus, we can change the state sufficiently slowly to avoid the occurrence of blowing up during the control time period.
As an application, we obtain the global exact boundary controllability for the one-dimensional isentropic flow system 0,
by controlling the velocity or pressure on the boundary. This paper is arranged as follows: In Section 2, we present the existence and uniqueness of the semi-global C 1 solution to the mixed initial-boundary value problem for system (1) near any given equilibrium. Then in Section 3, we prove a result on the uniform local exact boundary controllability near an arbitrary equilibrium. The main results on the global exact boundary controllability for (1) will be stated and proved in Section 4. Finally we apply the theory to system (2).
2 Semi-global C 1 solution to the mixed problem For any given and possibly quite large constant T 0 > 0, we consider the first order quasilinear hyperbolic system (1) on the rectangular domain
Note that every constant state
T n u u u u = = is an equilibrium of (1). We set up the theory on the semi-global C 1 solution to the corresponding mixed problem for (1) near any given equilibrium u = u (0) . Suppose that on the domain under consideration, λ i (u) (i = 1, …, n) are C 1 functions with ( ) 0 ( ) ( 1, , ; 1, , ). 
The initial condition is
and the boundary conditions are of the form
where ϕ, g r , g s , h r , h s (r = 1, …, m; s = m + 1, …, n) are all C 1 functions. We point out here that (5)-(6) are the most general non-linear boundary conditions to guarantee the wellposedness for the corresponding mixed problem of (1).
Suppose that the conditions of C 1 compatibility at the points (t, x) = (t 0 , 0) and (t 0 , L) are satisfied, respectively. For instance, the conditions of C 1 compatibility at (t 0 , 0) are 
where
The mixed problem (1) and (4)- (6) can be reduced to the following mixed problem about : u 
where 
t h t u g t u u s m n
( 1, , ). It is easy to see that the conditions of C 1 compatibility at the points (t, x) = (t 0 , 0) and (t 0 , L) for the mixed problem (9)-(12) are the same as those for the mixed problem (1) and (4)- (6).
Applying Theorem 4.2 in Li and Jin (2001) (see also Wang, 2006) to the mixed problem (9)- (12), we have the following Lemma.
Lemma 2.1: For any given and possibly quite large constant T 0 > 0 and any given constant state u (0) with
where M is a positive constant, there exists a sufficiently small constant δ 0 > 0 (depending on T 0 and M) such that the mixed initial-boundary value problem (1) and (4)- (6) 
admits a unique semi-global C 1 solution u = u(t, x) on the domain R(t 0 , T 0 ), provided
1 1 0 0 0 0 [0, ] [ , ] 1, , max{|| || , max || || } . i C L C t t T i n h ϕ δ + = ≤ (20) Moreover, for fixed λ i , g i (i = 1, …, n), we have 1 0 0 0 [ ( , )] || || ( ), C R t T u Bδ ≤ (21)
where B(δ 0 ) > 0 with B(0) = 0 is a continuous and
non-decreasing function of δ 0 .
Uniform local exact boundary controllability
In this section we establish a result on the uniform local exact boundary controllability for (1) near any given equilibrium. In what follows, we will use this result to get the global exact boundary controllability. (5)- (6) are the boundary controls to be determined.
Lemma 3.1: For a given constant M > 0 and any given
There exists a suitably small δ (depending on M but independent of the choice of u (0) ) with 0 < δ < 1 such that:
for any given initial data u (0) + ϕ and final data u
we can find boundary controls h i ∈ C
[t 0 , t 0 + T 0 ]
(i = 1, …, n) such that the mixed problem (1) and (4)- (6) admits a unique C 1 solution u = u(t, x) on the domain
and
where C(δ) > 0 with C(0) = 0 is a continuous and non-decreasing function (independent of u (0) ).
Proof: By translation (8), the mixed problem (1) and (4)- (6) reduces to the mixed problem (9)- (12) with (13)- (17) about u near the zero equilibrium.
Similar to Li and Rao (2003) , we first construct a C 1 solution ( , ) u u t x = to system (9) on the domain R(t 0 , T 0 ) which satisfies the initial condition (10) and the final condition 0 0 :
simultaneously. By Lemma 2.1, there exists a sufficiently small constant
we can take some artificial boundary conditions at x = 0 and x = L:
with T* given by (22), such that the forward mixed problem (9)- (10) and (28)- (29) admits a unique semi-global Figure 1 ) and
Here and hereafter, C i (ε) > 0 (i = 1, 2, …) with C i (0) = 0 denote continuous and non-decreasing functions of ε.
Similarly, there exists a sufficiently small constant
we can put some artificial boundary conditions at x = 0 and x = L such that: the backward mixed problem (9) 
|| || max{ ( ), ( )}.
In order to solve (9) in the x-direction, we change the status of the variables t and x. We will consider the leftward (resp. rightward) mixed problem (see Figure 2 ) for system (9) with the initial condition
and the following boundary conditions reduced by (10) and (26), respectively:
Lemma 2.1, there exists a sufficiently small constant δ 3 > 0 (resp. δ 4 > 0) depending on M but independent of u 
(resp. max{|| || , max || || , max || || } ,
the leftward (resp. rightward) mixed problem (9) and (35)- (37) Noting (34) and (40)- (41), we take δ > 0 satisfying
the previous method is effective and
, ( , ) . l l r r u t x t x R u u t x u t x t x R
By the definition of T* and T 0 , we can prove (see Li and Rao, 2003, and Figure 3 ) that ( , ) u u t x = satisfies the system (9), the initial condition (10) and the final condition (26) simultaneously. Moreover, 
where u is given by (48). This finishes the proof of Lemma 3.1.
Remark 3.1: In Lemma 3.1, the C 1 [t 0 , t 0 + T] norms of the boundary controls h i (t) (i = 1, … n) are not small, in general.
Global exact boundary controllability
Now we consider the global exact boundary controllability for the first order quasilinear hyperbolic system (1) with the initial condition 0 :
and the final condition (1), (51) and (53)- (54) 
This yields
First, we consider the exact boundary controllability for (1) 
(1) 1
admits a unique
, which satisfies (62) and
Then, for k = 2, …, N, we successively consider the exact boundary controllability for (1) with the initial condition
and the final condition
Applying Lemma 3.1 near the equilibrium (1/2) (u (66) 
, which satisfies (67) and
Finally, we consider the exact boundary controllability for (1) with the initial condition
near the equilibrium ˆ. u By Lemma 3.1, there exist boundary controls
]
such that the mixed problem (1), (70) and
, which satisfies (71) and
and the boundary controls ( ) 0 0 ( ) ( ) as ( 1) ( 1, , ; 1, , 1),
it is easy to see that u(t, x) to the corresponding mixed problem (1), (51) and (53)- (54) on ) as ( 1) ( 1, , 1). 
is much bigger than the local exact boundary controllability time T 0 . It is essential to change the state so slowly that singularity can be avoided.
Remark 4.2:
If the eigenvalues of system (1) are all positive:
the previous discussion is still valid and the desired boundary controls are acted only at x = 0. The case that the eigenvalues are all negative is similar.
Remark 4.3:
The results on the global exact boundary controllability for de Saint Venant system given in Gugat and Leugering (2003) , Gugat et al. (2004) can be regarded as a special consequence of Theorem 4.1 and Remark 4.2. u = u(t, x) to the corresponding mixed problem (1), (51) and (53)- (54) 
and choose the transitional constant states u (k) (k = 1, …, N) satisfying
with 1 2 0 1 .
Then, we successively construct the local boundary controls ( ) ( ) ( 1, , ; 1, , 1) (70) and (75). Hence, we have
and 2, , ) .
This ends the proof of Corollary 4.1.
An application
As an application, we consider the exact boundary controllability for the one-dimensional isentropic flow system (2) in Lagrangian coordinates, in which τ, v, p represent the specific votume, the velocity and the pressure of the flow, respectively. p = p(τ) ∈ C 2 is the equation of state with
Noting that any constant state (
is an equilibrium of (2), we consider the exact boundary controllability for (2) with the initial condition
and the final condition 
where h(t) ∈ C 1 is the boundary control to be determined. Similarly, the boundary condition at
where H(t) ∈ C 1 is the boundary control to be determined. 
The boundary condition (93a) or (93b) at x = 0 can be rewritten as (99), (100) and (108)- (109) admits a unique C 1 solution (w 1 , w 2 ) = (w 1 (t, x), w 2 (t, x)) on R(T) satisfying (101) ( , ) ((1/ 2)( ( , ) ( , ))).
( , ) (1/ 2)( ( , ) 
and satisfies (92) and (95) simultaneously. This proves Theorem 5.1.
